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0. Introduction
A neighborhood assignment for a space X is a function φ from X to the topology of the space X such that x ∈ φ(x) for
any x ∈ X . A space X is called a D-space if for any neighborhood assignment φ for X there exists a closed discrete subspace
D of X such that X =⋃{φ(d): d ∈ D} (cf. [4]).
In [8], van Mill, Tkachuk, and Wilson developed ideas related to D-spaces by deﬁning for a topological property P ,
a space X to be dually P if for each neighborhood assignment φ = {φ(x): x ∈ X}, there is a subspace Y ⊂ X with property
P such that X =⋃{φ(x): x ∈ Y }. The ﬁrst mention of dually discrete spaces can be found in [8] and their study was
contained in [1–3]. In [8], it was proved that the ordinal ω1 with its interval topology is dually discrete, but it is not
a D-space.
Recall that X is a generalized ordered space (abbreviated GO space) if it is embeddable in a linearly ordered topological
space. In [3], it was proved that any GO space of countable extent (every closed discrete subspace of X is countable) is
dually discrete and every ordinal is dually discrete. In 2008, Peng proved that any GO space is dually discrete (cf. [9]).
In [1], it was proved that a ﬁnite product of regular cardinals is dually discrete. The following problem appeared in [1]: Is
the product of two ordinals (hereditarily) dually discrete? In [10], Peng proved that a ﬁnite product of ordinals is dually
discrete. In [11], Peng proved that if μ and ν are two ordinals and X is a normal subspace of μ × ν then X is dually
discrete.
In this note, we show that if μ and ν are two ordinals and X is a subspace of μ × ν , then X is dually scattered of
rank 2. If X is a subspace of countable extent of μ × ν , then X is dually discrete. Let’s recall that a space X is scattered
if every subspace of X has an isolated point. Let X∗ = {x: x ∈ X and x is not an isolated point of X}. If X∗ = ∅ or X∗ is
a discrete subspace of X , then we say that X is scattered of rank  2 or is 2-scattered. If x, y ∈ μ and x < y, then we let
(x, y) = {z: x < z < y and z ∈ μ}. If X ⊂ μ × ν and x ∈ X , then we denote x = 〈x1, x2〉.
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In notation and terminology we will follow [5,7].
1. Some properties of duallyP
In this section, let P be a topological property (or class) which satisﬁes the following properties.
(1) If X is a discrete space, then X ∈ P ;
(2) If X is dually P , then every closed subspace of X is dually P ;
(3) If X =⊕α∈Λ Xα and Xα ∈ P for each α ∈ Λ, then X ∈ P .
We see that if P∗ is the class of scattered spaces of rank 2 (or the class of discrete spaces), then P∗ satisﬁes the above
items.
Let μ be an ordinal and let cfμ  ω. If M : cfμ → μ is a function such that {M(α): α ∈ cfμ} is a normal sequence
of μ, then the function M is said to be a normal function, where {M(α): α ∈ cfμ} is said to be normal if M(α) =
sup{M(β): β < α} for each limit α < cfμ and μ = sup{M(α): α ∈ cfμ} (cf. [6]).
The proof of the following proposition is analogous to the proof of Proposition 3.2 in [10].
Proposition 1.1. If X =⋃{Xi: i ∈N}, where Xi is a closed dually P subspace of X for each i ∈N, then X is dually P .
Proof. Let φ be any neighborhood assignment for X . Thus there is a subspace D1 of X1 such that X1 ⊂⋃{φ(x): x ∈ D1} and
D1 ∈ P . For each i > 1, we have a subspace Di ⊂ Xi \⋃{φ(x): x ∈⋃{D j: j  i − 1}} such that Xi \⋃{φ(x): x ∈⋃{D j: j 
i − 1}} ⊂⋃{φ(x): x ∈ Di} and Di ∈ P . If D =⋃{Di: i ∈ N}, then X =⋃{φ(x): x ∈ D}. Since the space D =⊕i∈N Di , we
know that D ∈ P . Thus X is dually P . 
Lemma 1.2. (Cf. [1, Theorem 3.4].) Every subspace of an ordinal is dually discrete, and hence is dually P .
The proof of the following proposition is analogous to the proof of Proposition 9 in [11].
Proposition 1.3. Let X = X1 ∪ X2 . If X1 is a closed dually P subspace of X and every closed subspace F of X , which is contained in
X2 is dually P , then X is dually P .
Proof. Let φ be any neighborhood assignment for X . Since X1 is dually P , there is a subspace D1 ⊂ X1 such that X1 ⊂⋃{φ(d): d ∈ D1} and D1 ∈ P . If F = X \⋃{φ(d): d ∈ D1}, then F is a closed subset of X and F ⊂ X2. Thus F is dually P ,
and hence there is a subspace D2 ⊂ F such that F ⊂⋃{φ(d): d ∈ D2} and D2 ∈ P . Thus X =⋃{φ(d): d ∈ D}, where
D = D1 ∪ D2. Since D1 ∩ D2 = ∅, we know that D ∈ P , and hence X is dually P . 
Corollary 1.4. Let X = U ∪ V , where U and V are open subspaces of X . If for any closed subspace F of X , which is contained in U or
V is dually P , then X is dually P .
Proposition 1.5. If X =⊕α∈Λ Xα and Xα is [hereditarily] dually P for each α ∈ Λ, then X is [hereditarily] dually P .
Let μ and ν be two uncountable regular cardinals. A subset X of μ × ν is (2-1)-large if {x ∈ μ: {y: 〈x, y〉 ∈ X} is
stationary in ν} is stationary in μ. Similarly, X is (1-2)-large if {y ∈ ν: {x: 〈x, y〉 ∈ X} is stationary in μ} is stationary in ν .
The proof of the following theorem is analogous to the proof of the ﬁrst part of Theorem 12 in [11].
Theorem 1.6. Let μ and ν be two ordinals. If μ × ν is not hereditarily dually P , and for each λ < μ (or δ < ν), the space λ × ν (or
μ × δ) is hereditarily dually P , then μ and ν are uncountable regular cardinals and μ = ν .
Corollary 1.7. Let μ and ν be two ordinals. If μ× ν is not hereditarily dually scattered of rank 2, and for each λ < μ (or δ < ν), the
space λ × ν (or μ × δ) is hereditarily dually scattered of rank 2, then μ and ν are uncountable regular cardinals and μ = ν .
We know that if a space X has countable extent, then every closed subspace of X has countable extent. Similar to the
proof of Theorem 1.6, we can prove the following theorem.
Theorem 1.8. Let μ and ν be two ordinals. If there exists a subspace X of countable extent of μ× ν such that X is not dually discrete,
and for each λ < μ (or δ < ν), every subspace of countable extent of λ× ν (or μ× δ) is dually discrete, then μ and ν are uncountable
regular cardinals and μ = ν .
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Proof of Theorem 1.6. Let X be a subspace of μ × ν , which is not dually P . Let φ be any neighborhood assignment for X .
We can assume that φ(x) is open in μ × ν for each x ∈ X .
Claim 1.6.1. cfμ = 1 and cf ν = 1.
Proof. Suppose cfμ = 1, then μ = μ′ + 1 for some ordinal μ′ . We assume X ∩ ({μ′} × ν) = ∅. The set {μ′} × ν is homeo-
morphic to ν , so it is hereditarily dually discrete by Lemma 1.2.
Since every subspace of μ′ × ν is dually P and X ∩ ({μ′} × ν) is a closed dually P subspace of X , the space X is dually
P by Proposition 1.3. This is a contradiction. So cfμ = 1. Similarly, we have cf ν = 1. 
Claim 1.6.2. cfμ = ω and cf ν = ω.
Proof. Suppose cfμ = ω, then there is an unbounded sequence {an: n ∈ ω} in μ such that μ =⋃{[0,an]: n ∈ ω}. For
each n ∈ ω, the set X ∩ ([0,an] × ν) = X ∩ ((an + 1) × ν). Thus the set X ∩ ([0,an] × ν) is a subspace of (an + 1) × ν . So
X ∩ ([0,an] × ν) is a closed dually P subspace of X for each n ∈ ω. Thus X =⋃{X ∩ ([0,an] × ν): n ∈ ω} is dually P by
Proposition 1.1. This is a contradiction. So cfμ = ω. Similarly, we have cf ν = ω. 
Claim 1.6.3. cfμ = μ and cf ν = ν .
Proof. Suppose cfμ = μ, then cfμ < μ. By Claims 1.6.1 and 1.6.2, we know that cfμ > ω and cf ν > ω. Let M : cfμ → μ
be a normal function. If C = {M(α): α ∈ cfμ}, then the subspace C is homeomorphic to cfμ. Thus {M(α): α ∈ cfμ} × ν
is homeomorphic to cfμ × ν . So every subspace of {M(α): α ∈ cfμ} × ν is dually P . Thus X ∩ ({M(α): α ∈ cfμ} × ν) is
a closed dually P subspace of X . Since φ is a neighborhood assignment for X , there is a subspace D1 ⊂ X ∩ ({M(α): α ∈
cfμ} × ν) and D1 ∈ P such that X ∩ ({M(α): α ∈ cfμ} × ν) ⊂⋃{φ(d): d ∈ D1}. Let F = X \⋃{φ(d): d ∈ D1}. In what
follows, we will show that F is dually P .
We can assume that M(0) = 0, thus μ × ν \ ({M(α): α ∈ cfμ} × ν) =⋃{(M(α),M(α + 1)) × ν: α ∈ cfμ}. Thus F =⋃{F ∩ ((M(α),M(α + 1))× ν): α ∈ cfμ}. So F =⊕α∈cfμ(F ∩ ((M(α),M(α + 1))× ν)). The set F ∩ ((M(α),M(α + 1))× ν)
is a subspace of [0,M(α + 1)) × ν , and hence it is dually P . Thus F is dually P by Proposition 1.5. So there is a subspace
D2 ⊂ F and D2 ∈ P such that F ⊂ ⋃{φ(d): d ∈ D2}. If D = D1 ∪ D2, then D ∈ P , since D1 ∩ D2 = ∅. So D ∈ P and
X ⊂⋃{φ(d): d ∈ D}. Thus X is dually P . This is a contradiction. So cfμ = μ. Similarly, we have cf ν = ν . 
Claim 1.6.4. μ = ν and μ, ν are uncountable regular cardinals.
Proof. By Claims 1.6.1, 1.6.2, and 1.6.3, we know that μ and ν are uncountable regular cardinals. Suppose μ < ν .
Suppose X is not (2-1)-large. There is a closed unbounded (abbreviated club) subset C ⊂ μ such that for each a ∈ C the
set {y: 〈a, y〉 ∈ X} is not stationary in ν , thus there is a club subset Ba ⊂ ν such that Ba ∩ {y: 〈a, y〉 ∈ X} = ∅. Since μ < ν ,
we see that
⋂{Ba: a ∈ C} = B is a club set in ν . So (C × B) ∩ X = ∅. The set μ× ν \ (C × B) = ((μ \ C) × ν) ∪ (μ× (ν \ B)).
Let C = {xα: α ∈ μ} and B = {yβ : β ∈ ν}. In what follows, we assume x0 = y0 = 0. If x0 = 0 or y0 = 0, then the proof
is analogous. Thus we have ((μ \ C) × ν) ∪ (μ × (ν \ B)) = (⋃{(xα, xα+1) × ν: α ∈ μ}) ∪ (⋃{μ × (yβ, yβ+1): β ∈ ν}). So
X = (⋃{X ∩ ((xα, xα+1)×ν): α ∈ μ})∪ (⋃{X ∩ (μ× (yβ, yβ+1)): β ∈ ν}) = (⊕α∈μ(X ∩ ((xα, xα+1)×ν)))∪ (
⊕
β∈ν(X ∩ (μ×
(yβ, yβ+1)))). Thus
⊕
α∈μ(X ∩ ((xα, xα+1) × ν)) and
⊕
β∈ν(X ∩ (μ × (yβ, yβ+1))) are open subspaces of X . If F is a closed
subspace of X and F ⊂⊕α∈μ(X∩((xα, xα+1)×ν)) or F ⊂
⊕
β∈ν(X∩(μ×(yβ, yβ+1))), then F =
⊕
α∈μ(F ∩((xα, xα+1)×ν))
or F =⊕β∈ν(F ∩ (μ × (yβ, yβ+1))). If F =
⊕
α∈μ(F ∩ ((xα, xα+1) × ν)), then the set F ∩ ((xα, xα+1) × ν) is a subspace of[0, xα+1) × ν for each α ∈ μ. Thus F ∩ ((xα, xα+1) × ν) is dually P . So F is dually P by Proposition 1.5. Similarly, we have
that F is dually P if F =⊕β∈ν(F ∩ (μ × (yβ, yβ+1))). Thus X is dually P by Corollary 1.4. This is a contradiction. So X is
(2-1)-large.
If A = {x: x ∈ μ and {y: 〈x, y〉 ∈ X} is stationary in ν}, then the set A is stationary in μ. For each a ∈ A, the set
Ca = {y: 〈a, y〉 ∈ X} is stationary in ν . The φ is a neighborhood assignment for X and we assume that φ(x) is open in μ×ν
for each x ∈ X . For each y ∈ Ca , there are some ay < a and by < y such that (ay,a] × (by, y] ⊂ φ(〈a, y〉). By the Pressing
Down Lemma, there are some ba and a stationary subset S1a ⊂ Ca such that by = ba for each y ∈ S1a . We can assume y > a
for each y ∈ S1a . Thus ay < y for each y ∈ S1a . Since μ < ν , there are some ka < a and a stationary subset S∗a ⊂ S1a such
that ay = ka for each y ∈ S∗a . Let Ma be an unbounded discrete subspace of S∗a , so ay = ka and by = ba for each y ∈ Ma .
So (ka,a] × (ba, y] ⊂ φ(〈a, y〉) for each y ∈ Ma . If Da = {a} × Ma , then Da is a discrete subspace of μ × ν . The set A is
stationary in μ and ka < a for each a ∈ A, thus there is some x0 ∈ μ and a stationary subset A1 ⊂ A such that ka = x0 for
each a ∈ A1 by the Pressing Down Lemma. We can get an unbounded subset Dμ ⊂ A1 such that Dμ ⊂ [x0,→) and Dμ is
a discrete subspace of μ. Thus the set D∗1 =
⋃{Da: a ∈ Dμ} is a discrete subspace of μ × ν . If y0 = sup{ba: a ∈ Dμ} and
D1 = D∗ ∩ ([x0,→) × [y0,→)), then D1 ⊂ [x0,→) × [y0,→).1
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F = (F ∩ ([0, x0] × ν)) ∪ (F ∩ (μ × [0, y0])). The sets F ∩ ([0, x0] × ν) and F ∩ (μ × [0, y0]) are closed subspaces of F . The
sets F ∩ ([0, x0] × ν) and F ∩ (μ × [0, y0]) are subspaces of [0, x0 + 1) × ν and μ × [0, y0 + 1), respectively. Thus the sets
F ∩ ([0, x0] × ν) and F ∩ (μ × [0, y0]) are dually P . So F is dually P by Proposition 1.1.
Thus there is a subspace D2 ⊂ F such that F ⊂ ⋃{φ(d): d ∈ D2} and D2 ∈ P . If D = D1 ∪ D2, then D ∈ P , since
D1 ∩ D2 = ∅. We have proved that X ⊂⋃{φ(d): d ∈ D} and D ∈ P . Thus X is dually P , which is a contradiction.
Thus we have proved μ ν . Similarly, we have ν μ. Thus μ = ν . 
2. On the properties of subspaces in products of ordinals
If μ is an ordinal, then we let 
1 = {〈α,α〉: α ∈ μ}.
Theorem 2.1. Letμ be an uncountable regular cardinal and let X ⊂ μ2 be disjoint from 
1 . If X is (2-1)-large [resp. (1-2)-large], then
for any neighborhood assignment φ for X there is a 2-scattered subspace D ⊂ X such that F ′ = X \⋃{φ(d): d ∈ D} is not (2-1)-large
[resp. not (1-2)-large], and is disjoint from D.
Proof. We just give the proof of the case that X is (2-1)-large. The proof of the case that X is (1-2)-large is analo-
gous.
Let φ be any neighborhood assignment for X . We can assume that φ(x) is open in μ2 and φ(x) = (px, x1] × (qx, x2]
for some px < x1,qx < x2 if x = 〈x1, x2〉 ∈ X . If A = {x: x ∈ μ and {y: 〈x, y〉 ∈ X} is stationary in μ}, then the set Ca =
{y: 〈a, y〉 ∈ X} is stationary in μ for each a ∈ A. For each y ∈ Ca , there are some ay < a and by < y such that (ay,a] ×
(by, y] ⊂ φ(〈a, y〉). By the Pressing Down Lemma, there are some ba and a stationary subset S1a ⊂ Ca such that by = ba for
each y ∈ S1a . Thus (ay,a] × (ba, y] ⊂ φ(〈a, y〉) for each y ∈ S1a . We can assume y > a for each y ∈ S1a . Thus ay < y for each
y ∈ S1a . So by the Pressing Down Lemma, there are some ka < a and a stationary subset S∗a ⊂ S1a such that ay = ka for each
y ∈ S∗a . Thus there exists an unbounded discrete subspace Ma of S∗a . So ay = ka , by = ba , and (ka,a] × (ba, y] ⊂ φ(〈a, y〉)
for each y ∈ Ma . If Da = {a} × Ma , then Da is a discrete subspace of μ2. The set A is stationary in μ and ka < a for each
a ∈ A, so there is some x0 ∈ μ and a stationary subset A1 ⊂ A such that ka = x0 for each a ∈ A1 by the Pressing Down
Lemma.
If A2 = {a: a ∈ A1 and ba < a} is stationary in μ, then there are some y0 ∈ μ and a stationary subset A3 ⊂ A2 such that
ba = y0 for each a ∈ A3. Let A4 ⊂ A3 be an unbounded discrete subspace of μ. If D =⋃{Da: a ∈ A4}, then D is a discrete
subspace of X and D ⊂ [x0,→) × [y0,→) such that [x0,→) × [y0,→) ⊂⋃{φ(d): d ∈ D}. Thus D ⊂⋃{φ(d): d ∈ D}.
In what follows, we assume that the set A2 = {a: a ∈ A1 and ba < a} is not stationary in μ. So we can assume that
a < ba for each a ∈ A1. Since the set of all the limit ordinals of A1 is also stationary in μ, we can assume that a is
a limit ordinal for each a ∈ A1. Suppose A′1 = {a ∈ A1: there is some ga < a and ga ∈ A1 such that a  bga } is stationary
in μ, then there is a stationary subset A∗1 ⊂ A′1 and some a0 ∈ A1 such that ba0  a for each a ∈ A∗1 by the Pressing
Down Lemma. This contradicts that A∗1 is unbounded in μ. Thus A′1 is not stationary in μ. So we can assume that if
a1 ∈ A1,a2 ∈ A1, and a1 < a2, then ba1 < a2, and hence ba1 < ba2 . Let N1 ⊂ A1 be an unbounded discrete subspace of μ. If
D∗ =⋃{Da: a ∈ N1}, then D∗ is a discrete subspace of X . So for each a ∈ N1 and c ∈ Ma , we have (x0,a]× (ba, c] ⊂ φ(〈a, c〉).
Let F ∗ = X \⋃{φ(d): d ∈ D∗}.
For each x > x0, there is some a ∈ N1 such that a > x > x0. If y > ba , then there is some c ∈ Ma such that y ∈ (ba, c).
Thus the point 〈x, y〉 ∈ (x0,a] × (ba, c] ⊂ φ(〈a, c〉) and 〈a, c〉 ∈ D∗ . So 〈x, y〉 /∈ F ∗ . If x > x0, then we let Bx = {y: y ∈ μ and
〈x, y〉 ∈ D∗ ∩ F ∗}. We have proved that Bx is bounded in μ.
Since {x} × Bx ⊂ D∗ ∩ F ∗ , we have that the closure of {x} × Bx in X is contained in D∗ ∩ F ∗ , that is {x} × Bx ⊂ D∗ ∩ F ∗ .
If 〈p,q〉 ∈ {x} × Bx , then p = x, q ∈ Bx(μ) , and 〈p,q〉 ∈ D∗ ∩ F ∗ . Thus q ∈ Bx , and hence 〈p,q〉 ∈ {x} × Bx . Thus {x} × Bx is a
closed subset of X and Bx is bounded in μ.
Claim 2.1.1. For any 〈x, y〉 ∈ X. If x0 < x < y and |(x, y) ∩ N1| 2, then 〈x, y〉 ∈⋃{φ(d): d ∈ D∗}.
Proof. Let x < a1 < a2 < y and a1 ∈ N1, a2 ∈ N1. We know that ba1 < a2. Thus x < a1 < ba1 < a2 < y. There is some y1 ∈ Ma1
such that y1 > y, thus 〈x, y〉 ∈ (x0,a1] × (ba1 , y1] ⊂ φ(〈a1, y1〉). Since 〈a1, y1〉 ∈ D∗ , we have 〈x, y〉 ∈
⋃{φ(d): d ∈ D∗}. 
Claim 2.1.2. If 〈x, y〉 ∈ D∗ and x ∈ N1 , then 〈x, y〉 /∈ F ∗ .
Proof. The set N1 is a discrete subspace of μ and x ∈ N1, so there is some open neighborhood Vx of x such that Vx ∩
N1 ⊂ {x}. Since 〈x, y〉 ∈ D∗ and Vx ∩ N1 ⊂ {x}, we know that 〈x, y〉 ∈ {x} × Mx . Thus there is some C ′x ⊂ Mx such that
〈x, y〉 ∈ {x} × C ′x , and hence y > bx . So there is some z ∈ Mx such that z > y > bx . Thus 〈x, y〉 ∈ (x0, x] × (bx, z] ⊂ φ(〈x, z〉)
and 〈x, z〉 ∈ D∗ . So 〈x, y〉 /∈ F ∗ . We have proved Claim 2.1.2. 
For each 〈x, y〉 ∈ D∗ ∩ F ∗ , we know that x > x0 and x = y. We let N11(x) = {a: a ∈ N1 and a < x}, N12(x) = {a: a ∈ N1
and a > x}.
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Proof. Suppose x /∈ N11(x), we have x ∈ N1, since x /∈ N12(x). So by Claim 2.1.2, we know that 〈x, y〉 /∈ F ∗ . This contradicts
〈x, y〉 ∈ D∗ ∩ F ∗ . We have proved Claim 2.1.3. 
If A ⊂ μ, B ⊂ μ and a < b for each a ∈ A and b ∈ B , then we say that A is left to B .
Claim 2.1.4. If x0 < x1 < x2 and Bx1 = ∅, Bx2 = ∅, then Bx1 is left to Bx2 and y1  x2 for each y1 ∈ Bx1 .
Proof. We know that x < y if 〈x, y〉 ∈ D∗ since X ∩ 
1 = ∅, and p < q for each 〈p,q〉 ∈ D∗ . So we only need to prove
that y1  x2 for each y1 ∈ Bx1 . Suppose there is some y1 ∈ Bx1 such that x2 < y1. Then we have x2 ∈ (x1, y1). For each
y2 ∈ Bx2 , the point 〈x2, y2〉 ∈ D∗ ∩ F ∗ . Thus we know that x2 ∈ N11(x2) by Claim 2.1.3 and x2 /∈ N1 by Claim 2.1.2. Thus|(x1, x2) ∩ N1| 2. So |(x1, y1) ∩ N1| 2. Thus 〈x1, y1〉 /∈ F ∗ by Claim 2.1.1. This contradicts 〈x1, y1〉 ∈ D∗ ∩ F ∗ . 
Claim 2.1.5. If P = {x: x ∈ μ and x > x0 such that Bx = ∅}, then F = {{x} × Bx: x ∈ P } is a closed discrete cover of D∗ ∩ F ∗ .
Proof. We have shown that the set {x} × Bx is closed in X for each x ∈ P . For each 〈a, y〉 ∈ D∗ , we have a > x0. Thus
D∗ ⊂ [x0,→) × μ, and hence ⋃F = D∗ ∩ F ∗ . To prove that F is a discrete family of X , it is suﬃcient to prove that ⋃F ′
is closed for each F ′ ⊂ F . Let F ′ ⊂ F . Suppose there is a point 〈x, y〉 ∈⋃F ′ \⋃F ′ . Then the point 〈x, y〉 ∈ D∗ ∩ F ∗ . Thus
x < y. Let P1 = {x′: x′ ∈ P such that x′ < x and {x′} × Bx′ ∈ F ′}, P2 = {x′: x′ ∈ P such that x′ > x and {x′} × Bx′ ∈ F ′}. Thus
〈x, y〉 ∈⋃{{x′} × Bx′ : x′ ∈ P1} and we know that x ∈ P1(μ) . If αx < x, then (αx, x] × (x, y] is an open neighborhood of the
point 〈x, y〉 in μ2. Thus |{x′: x′ ∈ P1 and ((αx, x] × (x, y]) ∩ ({x′} × Bx′ ) = ∅}|  ω. Let x1 ∈ (αx, x) ∩ P1, x2 ∈ (αx, x) ∩ P1
such that (x, y) ∩ Bx1 = ∅, (x, y) ∩ Bx2 = ∅, and x1 < x2. If z1 ∈ (x, y) ∩ Bx1 , then x1 < x2 < x < z1. By Claim 2.1.4, we know
that z1  x2. This is a contradiction. Thus we have proved that F is a closed discrete cover of D∗ ∩ F ∗ , and hence we have
proved Claim 2.1.5. 
For each x ∈ P , the set Bx is dually discrete by Lemma 1.2. Thus {x} × Bx is dually discrete. Since D∗ ∩ F ∗ =⊕
x∈P ({x} × Bx), we know that D∗ ∩ F ∗ is dually discrete by Proposition 1.5. So there is a discrete subspace D2 ⊂ D∗ ∩ F ∗
such that D∗ ∩ F ∗ ⊂⋃{φ(x): x ∈ D2}. If D1 = D∗ , then D1 ∪ D2 ⊂ D1 ⊂⋃{φ(x): x ∈ D1 ∪ D2}. If D = D1 ∪ D2, then the set
D is 2-scattered and D is disjoint from F ′ , where F ′ = X \⋃{φ(d): d ∈ D}. For each x > x0, there is some a ∈ N1 such that
a > x > x0. If y > ba , then there is some z ∈ Ma such that ba < y < z. Thus 〈x, y〉 ∈ (x0,a] × (ba, z] ⊂ φ(〈a, z〉). Thus F ′ is not
(2-1)-large and is disjoint from D . 
Let κ be an uncountable regular cardinal, and let Dr be a club set in κ for each r < κ . The set 
r<κDr =
{α: α ∈⋂{Dr: r < α}} is called the diagonal intersection of Dr, r < κ . We know that the diagonal intersection of a κ-
sequence of club sets in κ is a club set in κ [7, p. 80]. Thus 
r∈D Dr = {α: α ∈⋂{Dr: r < α and r ∈ D}} is a club set in κ ,
if Dr is a club set in κ for each r ∈ D and D is a club set in κ .
Lemma 2.2. Let P be a topological property (or class) which satisﬁes the following properties.
(1) If X is a discrete space, then X ∈ P ;
(2) If X is dually P , then every closed subspace of X is dually P ;
(3) If X =⊕α∈Λ Xα and Xα ∈ P for each α ∈ Λ, then X ∈ P .
Let μ be an uncountable regular cardinal such that δ × μ is hereditarily dually P for each δ < μ. Let X ⊂ μ2 and be disjoint
from 
1 . If X is not (2-1)-large and is not (1-2)-large, then X is dually P .
Proof. If A = {x: x ∈ μ and {y: 〈x, y〉 ∈ X} is stationary in μ} and B = {y: y ∈ μ and {x: 〈x, y〉 ∈ X} is stationary in μ},
then the sets A and B are not stationary in μ, since X is not (2-1)-large and is not (1-2)-large. There are club sets D and
E in μ such that A ∩ D = ∅ and B ∩ E = ∅. For any r ∈ D , a set Mr = {y: 〈r, y〉 ∈ X} is not stationary in μ. Thus there is a
club set Dr in μ such that Dr ∩ Mr = ∅. Similarly, for each δ ∈ E , there is a club set Eδ in μ, such that Eδ ∩ Nδ = ∅, where
Nδ = {x: 〈x, δ〉 ∈ X}. Thus 
r∈D Dr and 
δ∈E Eδ are club sets in μ. If P = Q = D ∩ E ∩ (
r∈D Dr)∩ (
δ∈E Eδ), then P is a club
set in μ.
Let P = Q = {xα: α ∈ μ}. By the deﬁnitions of the sets P and Q , we know that if p < q or q < p then 〈p,q〉 /∈ X
for p ∈ P and q ∈ Q . If p = q, then 〈p,q〉 /∈ X , since X ∩ 
1 = ∅. So we have X ∩ (P × Q ) = ∅. If x0 = 0, then
μ \ P = ⊕α∈μ(xα, xα+1). In what follows, we assume x0 = 0. If x0 = 0, then the proof is analogous. Thus X =
(
⋃{X ∩ ((xα, xα+1) × μ): α ∈ μ}) ∪ (⋃{X ∩ (μ × (xα, xα+1)): α ∈ μ}). The sets ⋃{X ∩ ((xα, xα+1) × μ): α ∈ μ} =⊕
α∈μ(X ∩ ((xα, xα+1) × μ)) and
⋃{X ∩ (μ × (xα, xα+1)): α ∈ μ} =⊕α∈μ(X ∩ (μ × (xα, xα+1))) are open subspaces of X .
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⊕
α∈μ(X ∩ (μ× (xα, xα+1))), then F is dually P .
Thus X is dually P by Corollary 1.4. 
Theorem 2.3. If μ and ν are two ordinals and Y is a subspace of μ × ν , then Y is dually scattered of rank 2.
Proof. Suppose there are ordinals ζ and η such that there is a subspace X of ζ ×η and X is not dually scattered of rank 2.
First let μ be the least ordinal ζ such that there is a subspace X of ζ × η such that X is not dually scattered of rank 2
for some ordinal η. Next let ν be the least ordinal η such that there is a subspace X of μ × η such that X is not dually
scattered of rank  2. Then there is a subspace X of μ × ν such that X is not dually scattered of rank  2, and for each
λ < μ (or δ < ν) if F is a subspace of λ×ν (or μ× δ) then F is dually scattered of rank 2. Thus by Corollary 1.7 we know
that μ = ν and μ is an uncountable regular cardinal.
If 
1 = {〈α,α〉: α ∈ μ}, then 
1 is homeomorphic to μ. Thus X ∩ 
1 is a closed subspace of X and is dually discrete
by Lemma 1.2. Let φ be any neighborhood assignment for X . We assume that φ(x) = (px, x1] × (qx, x2] for some px < x1,
qx < x2 if x = 〈x1, x2〉 ∈ X . Thus there is a discrete subspace D1 ⊂ X ∩ 
1 such that X ∩ 
1 ⊂⋃{φ(d): d ∈ D1}. If X1 =
X \⋃{φ(d): d ∈ D1}, then X1 ∩ 
1 = ∅. If X1 is (2-1)-large, then there is a 2-scattered subspace D2 ⊂ X1 such that X2 is
not (2-1)-large and is disjoint from D2 by Theorem 2.1, where X2 = X1 \⋃{φ(d): d ∈ D2}. If X1 is not (2-1)-large, then we
let D2 = ∅ and let X2 = X1. If X2 is (1-2)-large, then there is a 2-scattered subspace D3 ⊂ X2 such that X3 is not (1-2)-large
and is disjoint from D3 by Theorem 2.1, where X3 = X2 \⋃{φ(d): d ∈ D3}. Since D1 ∩ D2 = ∅ and D1 ∪ D2 ∩ D3 = ∅, we
know that the set D1 ∪ D2 ∪ D3 is a 2-scattered subspace of X .
Since X3 ∩ 
1 = ∅ and X3 is not (2-1)-large and is not (1-2)-large, the space X3 is dually scattered of rank  2
by Lemma 2.2. Thus there is a scattered subspace D4 ⊂ X3 such that rank(D4)  2 and X3 ⊂ ⋃{φ(d): d ∈ D4}. Since
(D1 ∪ D2 ∪ D3) ∩ D4 = ∅, we know that the set D ′ = D1 ∪ D2 ∪ D3 ∪ D4 is a 2-scattered subspace of X and X ⊂⋃{φ(d): d ∈ D ′}. Thus X is dually scattered of rank 2. This contradicts that X is not dually scattered of rank 2.
Thus μ × ν is hereditarily dually scattered of rank 2, and hence Y is dually scattered of rank 2. 
By the proof of Lemma 11 in [11], we have the following lemma. To assist the reader, we give the proof.
Lemma 2.4. Let μ be an uncountable regular cardinal and let X ⊂ μ2 be disjoint from 
1 . If X has countable extent, then X is not
(2-1)-large and is not (1-2)-large.
Proof. Let A = {x: x ∈ μ and {y: 〈x, y〉 ∈ X} is stationary in μ}.
Suppose the set A is stationary in μ. We can assume that λ is a limit ordinal for each λ ∈ A. For each λ ∈ A, if
Bλ = {y: 〈λ, y〉 ∈ X} then Bλ is stationary in μ, and hence Bλ ∩ (⋂{Bλ′ : λ′ < λ and λ′ ∈ A}) is unbounded in μ. We
let g(λ) ∈ Bλ ∩ (⋂{Bλ′ : λ′ < λ and λ′ ∈ A}) such that g(λ) is a limit ordinal and λ < g(λ). Let A∗ = {λ: λ ∈ A and there is
some xλ < λ such that λ < g(xλ)}. By the Pressing Down Lemma, we can see that the set A∗ is not a stationary set in μ.
Thus there is a club subset C ⊂ μ such that C ∩ A∗ = ∅, and hence g(λ1) < λ2 if λ1 ∈ C ∩ A, λ2 ∈ C ∩ A and λ1 < λ2. The set
C ∩ A is stationary in μ and λ < g(λ) for each λ ∈ C ∩ A. We can assume that x = 0 for each x ∈ C ∩ A.
Let T = {〈λ, g(λ)〉: λ ∈ C ∩ A} and let 〈x, y〉 ∈ X . If x > y, then 〈x, y〉 /∈ T . If x < y and x /∈ C ∩ A, then 〈x, y〉 /∈ T .
If x < y and x ∈ C ∩ A, then x = 0, and hence there are ax and by in μ such that ax < x and x  by < y. Thus
|((ax, x] × (by, y]) ∩ T | 1. Thus the set T is a closed discrete subspace of X and |T | > ω. A contradiction. So the set A
is not a stationary set in μ, and hence X is not (2-1)-large. Similarly, we can prove that X is not (1-2)-large. 
Theorem 2.5. If μ and ν are ordinals and X is a subspace of countable extent of μ × ν , then X is dually discrete.
Proof. Suppose there are ordinals ζ and η such that there is a subspace Y of countable extent of ζ × η and Y is not dually
discrete. First let μ be the least ordinal ζ such that there is a subspace Y of countable extent of ζ × η and Y is not dually
discrete for some ordinal η. Next let ν be the least ordinal η such that there is a subspace Y of countable extent of μ × η
and Y is not dually discrete. Then there is a subspace Y of countable extent of μ × ν such that Y is not dually discrete,
and for each λ < μ (or δ < ν) if F is a subspace of countable extent of λ × ν (or μ × δ) then F is dually discrete. Thus by
Theorem 1.8 we know that μ = ν and μ is an uncountable regular cardinal.
If 
1 = {〈α,α〉: α ∈ μ}, then 
1 is homeomorphic to μ. Thus Y ∩ 
1 is a closed subspace of Y , and hence Y ∩ 
1
is dually discrete by Lemma 1.2. Let Y1 be a closed subspace of Y and be disjoint from 
1. Thus Y1 ∩ 
1 = ∅ and Y1
has countable extent, and hence Y1 is not (2-1)-large and is not (1-2)-large by Lemma 2.4. So Y1 is dually discrete by
Lemma 2.2. We know that Y is dually discrete by Proposition 1.3. This is a contradiction. Thus X is dually discrete if X is a
subspace of countable extent of μ × ν . 
The following problem which was raised in [1] is open.
Problem 2.6. Is the product of two ordinals hereditarily dually discrete?
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